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The primitive variable formulation of the unsteady incompressible
Navier-Stokes equations in three space dimensions is discretized
with acombined Fourier-Legendre spectral method. A semi-implicit
pressure correction scheme is applied to decouple the velocity from
the pressure. The arising elliptic scalar problems are first diagonal-
ized in the periodic Fourier direction and then solved by a multido-
main Legendre collocation method in the two remaining space coor-
dinates. In particular, both an iterative and a direct version of the
so-called projection decomposition method (PDM) are introduced
to separate the equations for the internal nodes from the ones
governing the interface unknowns. The PDM method, first intro-
duced by V. Agoshkov and E. Ovtchinnikov and later applied to
spectral methods by P. Gervasio, E. Ovtchinnikov, and A. Quarteroni
is a domain decomposition technique for elliptic boundary value
problems, which is based on a Galerkin approximation of the
Steklov-Poincaré equation for the unknown variables associated to
the grid points lying on the interface between subdomains. After
having shown the exponential convergence of the proposed discret-
ization technique, some issues on the efficient implementation of
the method are given. Finally, as an illustration of the potentialities
of the algorithm for the numerical simulation of turbulent flows,
the results of a direct numerical simulation (DNS) of a fully turbulent
plane channel flow are presented. © 1997 Academic Press

1. INTRODUCTION

Spectral methods have been and still remain the method
of choice for numerical simulations of fluid phenomena
where accuracy plays a fundamental role. The projection
decomposition method, first introduced by [1], was later
applied to spectral methods [2].

Their inherent high-order accuracy and low phase error
motivated the development and implementation of several
spectral-based direct numerical simulation (DNS) and
large eddy simulation (LES) codes for the solution of tur-
bulent flows [3, 4]. Nevertheless, almost all these methods
have been designed to be extremely efficient for very sim-
ple geometries on supercomputers (highly vectorized
shared memory machines). On the other hand, domain
decomposition methods are becoming viable tools to over-
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come several intrinsic limitations of spectral methods,
allowing for the use of the latter in a wider context [5-8].
The most obvious application of spectral multidomain
methods is related to the solution of partial differential
equations over complex geometries (i.e., geometries which
cannot be trivially mapped in the standard [—1, 1] square).
Another important feature of this class of algorithms is
the natural way in which they exploit the architectures of
modern MIMD computers (including clusters of work-
stations) paving the way for large scale simulations other-
wise accessible only to supercomputer users. In fact, the
parallelization efficiency is extremely favourable to spec-
tral multidomain methods: the ratio of computation time
to communication time is larger for this family of methods
than for others. This is mainly due to the high order accu-
racy provided by the spectral method combined with the
fact that the discrete operators involve matrices not as
sparse as other “local” methods (i.e., finite differences,
finite element or finite volumes) [9].

The present Navier—Stokes solution algorithm differs
from already well established spectral domain decomposi-
tion methods (i.e., the spectral element method). The main
difference consists in the treatment of the elliptic kernels
arising after the application of a continuous semi-implicit
pressure correction scheme. Each scalar elliptic boundary
value problem is transformed in a set of analogous prob-
lems over subdomains whose boundary values are provided
by an abstract equation on the interface between subdo-
mains. This procedure allows us to split the equations over
two sets of geometrical elements: the subdomains them-
selves, where the solution is approximated by a local Leg-
endre polynomial basis in the framework of a collocation
method; and the subdomain interfaces, where the trace of
the solution is approximated through a Galerkin method
using a set of special basis functions. Such a sharp subdivi-
sion introduces a very flexible tool that is able to deal
with more general discretizations such as a nonconforming
multidomain partition of the original computational do-
main. Work is in progress in this direction and it will be
the subject of a future publication.
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The illustration of the present method will be divided
into two main parts. First, both the continuous and the
discrete versions of the algorithm are presented and vali-
dated in a two-dimensional framework; in the second part,
some algorithm enhancements, including fast direct solvers
for the elliptic kernels and a Fourier three-dimensional
extension are presented. Finally, to prove that the final
algorithm is an effective tool for the numerical simulation
of turbulent flows, the results of a DNS of a fully turbulent
Poiseuille flow are presented and validated.

2. TIME SPLITTING SCHEME

The incompressible Navier—Stokes equations can be re-
formulated in nondimensional form written as

oU 1

E—F (U-VU+ V- (UU))——Vp—F—V2 inQ (1)
V-U=0 inQ (2
U=G ondQ) (3)

The advective terms have been considered in their skew-
symmetric formulation [10] to avoid dealiasing procedures
while semiconserving the energy. In the above equations,
Q is a reference domain in R9, U is the velocity vector, p
is the pressure, and G is a prescribed boundary vector
function. Also, Re = u,H,/vis the Reynolds number based
on a reference velocity u,, a reference length H,, and the
kinematic viscosity .

In Eq. (1) and (2) velocity and pressure are coupled
together by the incompressibility constraint, which makes
them difficult to solve. Classical procedures to overcome
this problem are provided by time splitting schemes [11,
12].

The basic idea consists in decoupling the computation
of pressure and velocity at each time step. The terms associ-
ated with the spatial derivatives appearing in Eq. (1) and
(2) might be computed at old, new, or intermediate time
levels. Implicit treatment of the viscous terms allow us to
overcome the most severe time step restriction when deal-
ing with spectral methods [13] (i.e., At ~ Re/N*, N being
the polynomial degree of the spectral discretization). The
particular splitting method that has been selected to ad-
vance in time the equations is based on the semi-implicit
pressure correction method developed by Van Kan [14];
the diffusive terms are treated with a Crank—Nicholson
discretization while an Adams—Bashforth scheme is used
for the advective terms. The following formulae summarise
the time discretized version of the adopted fractional step
scheme to advance the solution from ¢* = n At to "*! =
(n + 1) Ar (the upper index refers to the time level),
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(U U — V%UA—U%
= _Vp" — E[(U") + E;[(Unil) in Q) (4)
U=G((n+1)Ar) onaQ
l(U”“—IAJ)+1V(p"*1—p”)=0 inQ
At 2
V.Ut =0 inQ (5

U n=G((n+1)Ar) onaQ,

where Z(U) represents the advective term 3 (U-VU +
-(UU)), and n is the unity vector normal to the bound-
ary a Q).

In the first step (4), a nonphysical intermediate velocity
field Uis computed: U does not satisfy the incompressibility
condition. Then in the second step (5), U is projected
onto the divergence free space to get a convenient velocity
approximation of U™,

The scheme with the given boundary conditions is noth-
ing else than a second-order Crank—Nicholson Adams—
Bashforth scheme on the whole problem, with an @(A#)
deviation in the tangential direction to the boundary. In-
deed, the relation [11]

Ul-t=U((n+ 1D)Ar)-t—AV(p"' = p")-t onaQ, (6)
holds, t being the unitary vectors tangent to the boundary.

By applying the divergence operator to (5), it turns out
that the projection step is equivalent to

n+1

Vi(p™tt 4+ pt) = —V U inQwithZ— = 0on o0 (7

UM:U—§V@M—w)m§. (8)

Therefore, the selected time-stepping procedure leads to
a cascade of scalar elliptic kernels (4), (7), to be solved
at each time step. Namely, two (for the two-dimensional
equations) Helmholtz problems for the determination of
the predicted velocity field and one Poisson problem for
the pressure need to be solved at each time step. It it then
clear that, in order to achieve a globally efficient algorithm,
it is of paramount importance to tackle effectively the
mentioned scalar problems.

In the next sections the attention will be focused on the
way each scalar elliptic problem can be efficiently solved
in the framework of a spectral multidomain discretization.

3. MULTIDOMAIN HELMHOLTZ SOLVER

To illustrate the method in a simple manner, only two
dimensional equations will be considered hereafter. The
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following problem, representative of one of the elliptic
scalar problems mentioned in the previous section, is con-
sidered,

—Vu+au=f inQ
u=0 onod, ©)

where « is a real constant =0, f € L2((), and () is an open
connected set 0 C R? in particular, Q = UM,Q; with
is a closed rectangle having either common side or common
vertex with each neighbour; « is either equal to zero (e.g.,
for the Poisson problem related with the pressure), or is
equal to 2/AfRe (e.g., for each one of the momentum equa-
tions).

Let us point out that the outlined conformal discretiza-
tion is not mandatory for the present method. In fact, as it
will be shown, the present algorithm allows for a complete
decoupling of the solution between subdomains and inter-
face. This feature makes the algorithm highly flexible
allowing in principle both nonconformal partitioning of the
original domain and use of hybrid discretizations (different
space discretizations in different regions of the computa-
tional domain).

3.1. Continuous Formulation

The equivalent weak formulation of (9) is [8]

find u € H{(Q) such that

10
l(u,v) = (f,v)120) YvEHKQ), (10)
where H}(Q) is the real Hilbert space defined as
1 — 27y, U )
H)Q) = {u € LX(Q):— € LX(Q)
8x1 (11)

)
and a—;; € LX(Q), uls = 0}
equipped with the scalar product
l(u,v) = JQ (Vu-Vu + auw)dQ VYu,v € H}(Q). (12)

Following classical domain decomposition techniques,
problem (10) is decoupled into a set of problems within
each subdomain plus an additional problem at the inter-
face I,

Let S be the space of the functions defined on I

S={z|3v € H)Q):z=vr} equipped with the norm
llzll = Inf{Jjvllei) : 2 = vk (14)
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Let T denote the ‘““trace operator” from H{({) onto S,
defined as
To=dp Ve HYQ). (15)
The T operator allows us to identify two closed mutually
orthogonal subspaces,
K=ker(T) = {up € H}Q) : Tuy = 0}, (16)

where ker(T) is the kernel of operator T and its orthogonal
complement K" is defined as

Kt= {IZ S H(l)(Q) . l(ﬂ, U()) =0 V vy € K} (17)
Therefore, the solution u € H(Q) of problem (10) can be
uniquely decomposed as

u=uy+ia, uekK, ieK-. (18)
Since the restriction 7, of the operator 7 to K* is an
isometric isomorphism between K* and S it follows that
[15]

Vae K yeSia=T," (19)
It is not difficult to see that i7 satisfies the Helmholtz prob-
lem —V?i + aii = 01in Q, with ir = . For such a reason,
the operator Tg! is usually termed as ‘“harmonic exten-
sion” to H{§(Q) of any function belonging to S [2]. Identity
(18) can be reformulated as

u=uy+ To'y withuy€EK;yES. (20)
Thus, problem (10) can be easily proven to be equivalent
to the set of the two following ones.

ProBLEM P1. Find uy € K such that

I(Lt(), Uo) = (f, UO)LZ(Q) v Vo € K. (21)
ProBLEM P2. Find ¢ € § such that

Problem P1 is nothing else than the solution of M decou-
pled elliptic problems with homogeneous Dirichlet bound-
ary conditions on both 9Q) and I'.

On the other hand, Problem P2 consists in finding the
harmonic extension (7,') of a function ¢ defined on the
interface I' which guarantees a jump of the conormal deriv-
atives along I' equal to the one induced by the solution
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ug(x, y) of Problem P1. In fact, by applying the Green
formula to (22), we obtain

(23)

M|

(uon +1y)zdl'=0 Vz€ES,

a,NT an

where n; is the normal unit vector on 9(); (directed out-
ward) and vjg, denotes the restriction of the function v to
;. Equation (23) highlights that for the implementation
of Problem P2 it is sufficient to provide basis functions
defined only along I' (i.e., basis functions for ).

The introduction and definition of Problems P1 and P2
represent the key point to completely decouple the solution
of problem (10) into two pieces, 1, and i, leading to two
different geometrical entities: u, to the nodes internal to
the subdomains, and & to the nodes lying on the interfaces
between the subdomains.

3.2. Discrete Formulation

Let Py denote the space of algebraic polynomials of
degree =N, with respect to the x variable and N, with
respect to the y one. Let, moreover, (x;, y;) (0 = k = N
0 =/ = N,) denote the (N, + 1) @ (N, + 1) nodes of the
Gauss—Lobatto-Legendre integration formula (e.g., Davis
and Rabinowitz [16, 13]). We recall that x, = y, = —1,
Xy, = yn, = +land L'y, (k) = 0, L'y, (y1) = 0 for all &
andl(l <k= N,—1,1=I=N,—1), where Ly represents
the N*" Legendre polynomial. Correspondmgly, let wy, de-
note the weights associated to the nodes (x;, y;) of the
above-mentioned integration formula. Then we look for a
discrete function (i.e., Problem P1), u, € K, such that uj
= ug, € P}/, foreachi =1--- Nwith P} = {v € Py()|
vpa; = 0} satisfying the generahsed Galerkin problem,

In(uhy, vh) = (f,vh)y Vv e PY, (24)
where we have set
Ny N
(fLvh)n= EZf(xk»YI)UO(xkaI)wkl (25)
k=0 I=0
and
In(ub,vh) = (Vub, Vo) + a (ub, vh)i. (26)

Since, (x%, yi) are the nodes in ; corresponding to the
images of (x;, y;) through the mapping: O — (;, and
iy = wy-meas(Q);)/meas(L2), we have that (u, v)k repre-
sents the Gauss—Lobatto—Legendre approximation to the
integral | o uv ds. In particular, choosing as test functions
vh, the Lagrange polynomials of degree N, ® N, associated
with the internal Gauss—Lobatto nodes (x}, yj) (1 = k =
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N, —1,1=1= N, — 1), and using discrete integration
by parts, we obtain from (24) the following equivalent
collocation statement (see, e.g., Quarteroni and Valli [8,
Chap. 6]):

—V2uh + aul = fat (x&, y),
1§k§NX—1;1SlSNy—1, (27)
=0 on an

As concerns Problem P2, namely the solution of Equation
(23),let{&},i =1, ..., o, be a set of linearly independent
polynomials which constitute a dense basis for S. Due to
the character of the trace operator Tj it is possible to
approximate any harmonic function in K+ and particularly
7 as

K

Z ak(Tolfk

(28)

Consequently, applying a standard Galerkin technique,
problem (23) can be approximated with the following set
of K algebraic equations,

2 LQ r <6n < S au(T; &))) &drl

6u0

M
= —;jdwa—ghdr Vh=1,.

(29)

The previous set of algebraic equations (29) can be recast
in matrix notation as
Aa =D, (30)
where a = a,, k = 1, ..., K, is the vector containing the
unknown coefficients of the solution, and b = b, k =
1, ..., K, contains the coefficient of the data in Eq. (29).
The matrix A is dense with entries a priori unknowns.
Nevertheless, Eq. (29) provides the tool to compute the
action of A over a vector a containing the Galerkin coeffi-
cients of the jump of the normal derivatives along the
interface I'. Besides, the condition number of A can grow
like O(K), unless the basis {&} is not properly chosen.
To solve system (30), an iterative technique is therefore
recommended. To simplify the illustration of the present
algorithm, let us consider one generic iteration a/*! =
a’ — a (Aa’ — b) (e.g., the j™ one) of the Richardson
iterative method:

M
a - ]k azf’QﬂF

=17 % (31)
(% ;

L u,
T01§h> - —°> &dl, k=1---K.

\Zle
=}
s

on

1
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From Eq. (31), it appears evident that at each iteration
one evaluation of the normal derivative of the harmonic
function @ = 2,_; a},T;'§, is required to compute the
actual value of the right-hand side of Eq. (31). If we set
g = E,Ile al, &, we can first solve M independent discrete
Helhmoltz problems of the form: find @/ € Py such that

In(@,vh) =0 VuhePY

i’ =g/ atthe GLnodesof 9Q; N T

(32)
i =0 atthe GL nodes of aQ); N Q.

Then we compute the normal derivatives of 7/ on 9€); N
I' to generate the integrands in (31). Finally, we replace
each integral with its Gauss—Lobatto approximation on
each side of I'.

In summary, the iterative scheme is advanced until con-
vergence as follows:

A. Given:

1. the coefficients b, of the jump of the normal deriva-
tive duy/on along I,

2. the coefficients af of a guess solution of & along T":
j = 0 (j being the iterations counter).

B. Compute:
Jj=i+ 1L
1. the harmonic extension of the function defined
along I' by its aj, by solving (32);
2. the coefficient of the jump of the normal derivative
a/dn along T

C. Update the coefficient of the solution through a step
of (31).
D. Goto B until convergence of the a;’s.

Remark 1. Matrix A of Eq. (30) is symmetric because
it is obtained from discretization of a self-adjoint problem
using same test and trial functions. This allows for the use
of a conjugate gradient scheme rather than a Richardson
one (31).

Remark 2. The convergence rate of the conjugate gra-
dient procedure strongly depends on the choice of the basis
{&}. For the present work the basis functions proposed
by Ovtchinnikov [17] have been used. These consistute a
nearly optimal basis, in the sense that the condition number
of system (30) is bounded by a constant independent of
K, where K is the dimension of the subspace of S generated
by span{&}, i = 1, ..., K. Details about the construction
of such a set of optimal basis can be found in [2].

Remark 3. When multiple solutions of Eq. (30) are
required (for example, in the case of nonstationary elliptic
problems like the heat equation or the incompressible Na-
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vier-Stokes equation) the efficiency of the procedure
adopted to solve the interface problem becomes a key
point for the efficiency of the whole algorithm. In this case
one can either rely upon construction of the inverse of A
in a preprocessing stage using the given iterative procedure
(see Section 5), or one can build an efficient preconditioner
to accelerate the conjugate gradient algorithm. Here we
did not investigate the selection of an efficient one, but the
family of preconditioners obtainable through the probing
technique of Chan and Keyes [18] seems to suit the actual
formulation of the interface problem. In fact, the probing
method allows for generating small band preconditioners
(typically tridiagonal ones) containing a lumping of the
Shur complement A action onto the band of the precondi-
tioner (i.e., the tridiagonal part). The combined use of
optimal basis and probing techniques should provide an
efficient preconditioner. In fact, the former makes the con-
ditioning number of A independent of the number of un-
knowns on the interface, while the latter would reduce its
spectral radius. The use of this class of methods would
become compulsory when dealing with real 3D problems
where storage of the whole exact inverse of A soon be-
comes prohibitive.

4. EXTENSION TO THE NAVIER-STOKES EQUATIONS

As already mentioned, when the incompressible Navier—
Stokes equations are solved in the framework of a pressure
correction scheme (4), (7) with the diffusive part treated
implicitly, the time-advancing technique consists in the
recursive solutions of Helmholtz-like problems.

One of the most attractive features of the continuous
pressure correction scheme is the possibility of choosing
the same degree of approximation for both pressure and
velocity. Indeed, from our numerical experience it turned
out that with this technique there is no need to satisfy
any form of compatibility condition (i.e., Brezzi—Babfiska
condition). Such a feature simplifies the multidomain im-
plementation since pressure and velocity share the same
grid nodes on the interface, thus avoiding complicated
interpolation procedures. The two aforementioned fea-
tures make the global scheme very efficient and easy to im-
plement.

When the projection decomposition algorithm is applied
to achieve the solution of each scalar elliptic problem, at
the end of each time step the velocity field fails to be
globally continuous in €, we simply have u € L*(Q). In-
deed, the projection step (8) updates the solenoidal veloc-
ity field trough a gradient of a scalar field, p"*! — p", which
is only C°(Q)), but not C'(Q), as the normal derivatives can
have jumps at the interfaces. Even though the spectral
collocation method guarantees an exponential decay of the
mismatching of the solenoidal velocity field at the inter-
faces, a coarse discretization might introduce numerical
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FIG. 1. H'(Q) error for different domain partitions.

boundary layers at the interfaces, leading to catastrophic
instabilities.

To avoid such a problem it is sufficient to rely on a weak
collocation updating rather than on a strong one (more
details can be found in [8]). To make the point clear the
one-dimensional equation u"*! = i + dp/dx is considered
applied on an interval [0, L], split in two subintervals [0,
L] =[0,T] U [I', L]. The weak projection step will then
read as

L L _ L d
jo u Lagdx = fo iLagdx + fo d_iLakdxv (33)

where the test functions are the already mentioned La-
grange polynomials La;(x) constructed on the Gauss—

Lobatto (GL) nodes. Exploiting the Gauss quadrature
formula and the definition of the Lagrange polynomials
the final form of the updating reads as

* for the internal nodes in [0, I'[

dp

dx

un+1w1 —

| = il o} + = }; o] being the /™ GL quadrature

weight of interval [0, I'[;
* for the internal nodes in |I', L]

dp

dx

uw? = i w? + - of; o} being the j GL quadrature

weight of interval |I', L];
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* on the interface node I"

. dp! dp?
"t (o + 0}) = dr (o + o) + <d_ljcw11\,+d_ljcw%>

Such a procedure is of straightforward extension to a two-
dimensional domain, and in this case it can also be ex-
tended to include the treatment of internal corners.

One more comment is deserved by the treatment of
the convective terms of the Navier—Stokes equations. As
pointed out by Browning ez al. [19], finite difference discret-
ization in a simple patching context might lead to inaccu-
rate results or even numerical instabilities. This problem
might be of paramount importance when dealing with di-
rect numerical simulation (DNS) of turbulent flows in re-
gions where the viscosity plays a modest role. In the finite
difference case the problem is encountered because differ-
ent grids display different dispersion properties that might
induce partial reflection or cancellations of waves crossing
the interfaces. In the spectral case the extremely small
errors associated with the end points guarantees the clean
passage of waves across the interface if enough resolution
is provided. To show evidence of the last statement, the
solution of a linear transport equation applied to a two-
dimensional Gaussian pulse has been considered:

90,99, u%’— V20 = f(x,y) inQ, 6= fucaes N 3O

Jat ax
(34)

The diffusive coefficient k has been fixed to a very low
value (k = 107®) and the forcing f(x, y) is selected to make
Ooxace = € A 40000l the exact solution of the given
differential problem (i.e., to balance the diffusive term).
The convective speed U = (u, v) has been set to (1/V2,
1/\/§) to keep into account eventual problems due to non-
grid aligned advection. The exact solution is imposed as
the time-dependent boundary condition at the domain
(Q = (1, 0) X (0, 1)) edges. The initial condition had a
quarter of the pulse inside the domain and the solution
was advanced in time until reaching the condition with
three-quarters of the pulse outside the domain. Keeping

PINELLI, VACCA, AND QUARTERONI

the time step very small to make the time errors negligible,
the H'(Q)) norm of the error is measured against the num-
ber of points per direction per subdomain. Figure 1 displays
the results, together with the domain partitioning configu-
rations. Clearly, the error decreases exponentially fast as
the polynomial degree N is increased within each subdo-
main, testifying to a spectral behaviour. Of course, since
the method can be considered as a spectral counterpart of
the finite element p version, increased accuracy is obtained
by increasing the order of the internal polynomials rather
than by resorting to a further partitioning [20]. In fact,
the last strategy would lead only to an algebraic rate of
convergence [21]. Table I summarises the same test for
the infinity norm of the error measured both for the inter-
nal points and for the interface, showing how the error is
uniformly distributed.

Figure 2 highlights the clean passage of the pulse through
an internal corner; neither reflections nor spurious modes
are detectable. Finally, as a test of accuracy of the whole
Navier—Stokes algorithm, the classical Taylor—Green ana-
lytical solution of the two-dimensional equations has been
considered. The exact solution reads

u(x, y) = —cos(mx) sin(my)e "> (35)
v(x, y) = sin(mx ) cos(my)e 2" (36)
p(x,y) = —1/4 (cos(2mx) + cos(2my))e™™  (37)

on the domain ) = (0, 2) X (0, 2). The following set of
boundary conditions are applied:

* on the edges x = 0 and x = 2, homogeneous Dirichlet
conditions for u and homogeneous Neumann conditions
for v.

* on the edges y = 0 and y = 2, homogeneous Dirichlet
conditions for v and homogeneous Neumann conditions
for u.

The tests have concerned both time and space accuracy.
Again, the latter has been measured, imposing an ex-
tremely small value for the time step. A four-subdomain
of equal surface configuration has been considered and

TABLE 1

L. error
internal nodes
4 subdomains

Number of points
per subdomain

L. error
interface nodes
4 subdomains

L. error
interface nodes
9 subdomains

L. error
internal nodes
9 subdomains

5X5 8.1 X 1072 3.1 x 1072 1.6 X 1072 1.1 X 1072
7 X7 7.9 x 1073 45 %x 1073 41 x 10~ 33 x 10
10 X 10 35 % 107 1.0 X 107 7.4 x 1077 53 x 1077
15 X 15 41 x 1077 1.1 x 1077 59 x 1078 44 x 1078
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FIG. 2. Passage of the Gaussian pulse through the interface (left, time = T,; right, time = T, + AT).

the error has always been measured according with the
H'(Q) norm. Table II, showing the results of different
polynomial degrees per subdomain, summarises the accu-
racy measurements for one of the velocity components.
From the given results, spectral convergence of the solution
is quite evident.

In order to measure the time accuracy of the present
scheme, we considered the same test case with a prescribed
discretization in space (4 subdomains 14 X 14 nodes each)
sufficient to deliver full spatial accuracy. In Table III we
present the relative L?(Q2) norm of the velocity error
achieved after 1 time unit. From the results it turns out
that the adopted scheme is indeed second order in time
for the velocity.

5. EFFICIENCY ENHANCEMENTS OF THE
FRACTIONAL STEP ALGORITHM

The key to efficiency of any fractional step type of algo-
rithm is the solution procedure for the elliptic kernels aris-
ing from the time discretization. In the present case both
the solution of Helmholtz boundary value problems on
the whole domain (), and solutions of the same type of
differential subproblems over each subdomain (), need to
be solved repetitively.

As concerns the latter, meaning the decoupled Dirichlet

TABLE 11

Pol. degree (N, = N,) Total nodes H' error for velocity

6 144 4. x 10
9 324 1. X 1077
13 676 9. x 1071

problems involved in the PDM procedure, it is possible
to apply a diagonalization procedure [22]. The Legendre
collocation approximation to one of the mentioned subpro-
blems can be recast as

UD + DU — «IU =F. (38)
where D is the collocated Lagrange second derivative
matrix acting on the subdomain internal nodes, U is the
unknown matrix ordered by rows, and F is a modified
right-hand side matrix keeping into account the effects of
boundary values. In a first stage, the eigenvalues of D, its

left and right eigenvector system (ordered by columns)
and the respective inverses are determined:

E;'DE, = A
E/'DTE, = A.

(39)
(40)

Matrices E,, E;, E;!, E;'! and the diagonal eigenvalue ma-
trix A are computed and stored in a preprocessing phase.
Indicating with U = E;! U E, and with F = E;' F E, the
diagonalized problem,

AU + UA — aU =F, (41)
is inverted and the final solution is recovered as
U =EUE;". (42)

Having solved the eigenvalue problem in a preprocessing
stage, the recursive solution cost turns out to be of order
N3 operations, N being the number of nodes used to dis-
cretized each direction within a single subdomain.
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FIG. 3. Pouiselle flow grid configuration. On the right a view of a plane normal to the mean flow.

As concerns the solution of the whole domain () it is
possible to determine (always as a preprocessing proce-
dure) the inverse of the operator A (see (30)), handling the
interface problem. With reference to Section 3, Problem P1
and the differential problem leading to the solution on the
interface P2 are reconsidered hereafter as

Aa; = by. (43)
Here the a;’s refer to the Galerkin coefficients of the solu-
tion on the interface, and the b,’s are the Galerkin coeffi-
cients of the jump of the normal derivatives produced by
the solution of the M Problems P1.

Next the K problems

Aa, =6y, k=1---K (44)
are considered, meaning problems with a jump of the nor-

mal derivatives leading to a unitary Galerkin coefficient k
and zero values for all the other coefficients j (j # k).

TABLE III

Time step size L? error for velocity

0.1 4. % 1072
0.01 5.x 1074
0.001 3. X 10°
0.0001 5.%x 1078

Successive inversions, through the iterative procedure out-
lined in Section 3, allow for constructing by columns the
operator AL, The latter might, then, be considered as the
inverse of the Schur—Galerkin complement that, applied
to the Galerkin coefficients of the computed normal deriv-
atives jumps (Problem P1), release the coefficients of the
solution on the interface to guarantee zero weak normal
derivative jumps between subdomains. It is also remarked
that matrix A ! is symmetric because it is obtained from the
discretization of a self-adjoint problem (22). This property
leads to an evident storage and operation count reduction.

6. THREE-DIMENSIONAL EXTENSION

In this section, a generalisation of the method which
allows for the simulation of three-dimensional flows with
one periodic direction is presented. For this class of flows
it is possible to take advantage of the classical Fourier
decomposition of the flow variables in the periodic direc-
tion. This choice leads to reduce all the three-dimensional
scalar differential problems in the physical space (momen-
tum equations and pressure correction equation) into a
sequence of two-dimensional scalar differential problems
in terms of the transformed variables. Once the two-dimen-
sional problems are set up, it is possible to take advantage
of the projection decomposition method to solve them ef-
ficiently.
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FIG. 4. Mean streamwise velocity near the wall. Actual computations (solid lines) plotted against logarithmic wall law (u/u, = 2.5 log(y*) +

5) (@).

In particular, let

N/2-1

ul(,y,z) = > ahi(xy)e*, i=1,2,3,

k=-N/2

(45)

N/2-1

Py )= D pri(xy)es,

k=-N/2

(46)

N/2-1

in(x9 y7 Z) = 2 l’ii,k(x7 y)elkza l = 1) 27 39

k=-N/2

(47)

and

N/2-1

S (x,y,2) = >, Shi(x,y)e*, i=1,2,3, (48)
/2

k=-N

with I = V1. Applying the same methodology as for the
two-dimensional case, the three-dimensional algorithm can
be reformulated as

For every n = 0, 1, ... (n being the time counter):

1. Fori=1,2,3,solve for i, (the predicted velocity
field) the momentum equations (4), for k =
—N/2, ...,N/I2 — 1,

2Re

V2 + 2+ 2=
(-oeree

)&Z,k = rhs, 1=1,2; (49)

2. Solve for pi*! the pressure correction (7) for k =
=N/2, .., N2 -1,

N 2 ol 20k x
_ 2+ 2 ~n+1:__i+_/* + | ——+ 250,
< Vitk >” k At ox, | Ar K < otk )” ko

3. Fori =1, 2,3, update the velocity field, as in (7),
for k = —=N/2,..,N/2 — 1,

9 sn+tl _ sn
Y i it RS
ultt =ty — 5 0x; (51)
Tk.pitt, otherwise.

The subscript / has been introduced to stress the fact that
the collocated derivatives are computed in the two nonpe-
riodic directions only. The term rhs;, represents the kth
mode of the transform of the right-hand side of the ith
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momentum equation, and the operator V? represents the
two-dimensional laplacian operator in the two nonperiodic
directions. The treatment of the boundary conditions is
straightforward and does not introduce any supplemen-
tary difficulty.

6.1. DNS OF A TURBULENT CHANNEL FLOW

The DNS of low Reynolds numbers fully turbulent
Poiseuille flows can nowadays be considered a classical
test case since the literature is very rich in both experimen-
tal and numerical results. This flow [23] might be consid-
ered periodic both in stream and spanwise directions if
the dimensions of the computational box are made large
enough. In the present case the streamwise direction (x-
direction) is taken as the Fourier one, while, to impose
periodicity in the spanwise direction (z-direction) the edges
of the subdomains normal to z are virtually joined to gener-
ate an interface. This last procedure guarantees spanwise
weak periodicity of the solution in the sense that the deriva-
tives normal to the planes delimiting the computational
box in z will only match in a weak sense. This procedure
allows us to test the effectiveness of the treatment of the

Subdomain 1

<U'>+ <V>+ <W>+

PINELLI, VACCA, AND QUARTERONI

internal corners as well. All the lengths are made nondi-
mensional with the channel half-height /4, and the velocity
is nondimensionalized with the centerline velocity U.. With
this selection the Reynolds number Re = U, h/v has been
fixed to the value of 3850 to be able to compare quantita-
tively with the benchmark simulation of Kim et al. [24].
Following the minimal flow unit approach proposed by
Jiménez and Moin [23] the dimensions of the computa-
tional box are fixed to (2, 2, 0.8) in streamwise, normal to
the wall (y-direction) and spanwise directions, respectively.
The grid configuration, together with a section normal to
the mean flow, is displayed in Fig. 3). It consists of five
subdomains; the dimensions of the first and of the last
are selected to guarantee full capture of the wall sublayer
(height of about 20 wall units). Each subdomain contains
20 X 20 nodes, while in the Fourier direction 36 modes
are employed. The present case has been run on an IBM
RS6000 360H workstation with about 100 Mflops peak
performance. The cpu required for each full-time iteration
is about 4.5 s when the inverse of the Schur—Galerkin
complement is computed and stored in a preprocessing
stage.

After having reached a statistical steady state some typi-

[ ' [ |

Subdomain 2

M

0.0
1

10

100
log(y+)

FIG. 5. Root mean square velocity fluctuations normalized with the wall shear velocity. Solid lines (present comgytation); symbols from Kim
et al. [24], respectively (O) streamwise velocity component fluctuations, ((J) vertical velocity component fluctuations (v'? '), and (<) spanwise velocity

component fluctuations.



SPECTRAL DOMAIN DECOMPOSITION

domain 2

557

domain 1

FIG. 6. Selected instantaneous vortex lines in a turbulent Pouiselle flow.

cal turbulent quantities have been measured to assess the
quality of the obtained results. In Fig. 4 the obtained mean
velocity profile is plotted against the logarithmic wall (u/
u, = 2.51og (y*) + 5). In Fig. 5 the computed turbulence
intensities are compared with the data of Kim et al. [24]
at the same Reynolds number (Re, = 180). As expected,
the results match perfectly the ones of [24] in the wall
region, while, as an effect of the minimal flow unit ap-
proach, the velocity fluctuations are lower in the core re-
gion [23]. Finally, in Fig. 6 the instantaneous distribution
of selected vortex lines highlights the presence of a typical
hairpin vortex within the computational box.

Apparently both the statistical quantities and the quali-
tative behaviour of the flow field are unaffected by the
underlying domain partitioning. This indicates that the
present method might allow for simulations of turbulent
flows over complex geometries.

7. CONCLUSIONS

The present work has been concerned with the solution
of the unsteady incompressible Navier—Stokes equations,
using a high-order collocated spectral multidomain
method. The rationale behind the choice and development
of the method is given both by the natural way in which
a parallel implementation of the present algorithm can be
achieved and by the possibility of coupling the potentially
high accuracy of spectral methods with the flexible frame-
work offered by multidomain methods. In particular, the
present multidomain method is of great generality since

its foundation is completely independent of both the nu-
merical discretization selected for each subdomain and of
the way the domain partition is made. This property should
then allow for relatively cheap DNS and LES of internal
flows with complex boundary shapes, such as turbulent
flows in rough channels. Indeed, the data from the channel
DNS simulation seems to confirm the viability of the pres-
ent algorithm to deal with complex turbulent flow configu-
rations. At the same time it should be stressed that the
capability of selecting the accuracy in determined flow
regions might reveal that it is a powerful tool for resolved
large eddy simulations in complex configurations (i.e.,
when approximate wall conditions are not available).
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